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Let I' be infinite connected graph with more than one end. It is shown that there is a subset
dc VT which has the following properties. (i) Both d and d*=VI'\d are infinite. (ii) There are
only finitely many edges joining 4 and d*. (iii) For each g€ Aut I" at least one of dcdg, d*Cdg,
dcd*g, d* cd*g holds. Any group acting on I” has a decomposition as a free product with amal-
gamation or as an HNN-group.

1. Introduction

Let I' be an infinite connected graph. Note that it is not assumed that I is
locally finite. The number e(I') of ends of I' is defined to be the least upper bound
(possibly <o) of the number of connected components with infinitely many vertices
that can be obtained by removing finitely many edges. Thus e(I')>1 if and only
if there is a subset ¢V such that both ¢ and ¢*=VI'\¢ are infinite and

dc={e€ EI'| one vertex of e lies in ¢ and one in ¢*}
1s finite.
A subset ¢ VT such that dc is finite is called a cut. Note that this is not
standard terminology. A cut is said to be non-trivial if both ¢ and ¢* are infinite. If
¢, d are cuts then so are ¢Ndand ¢Ud. In this paper we prove the following.

Theorem 1.1. Let I' be a graph with more than one end. There exists a non-trivial
cut dTVI such that for any g€ Aut I' one of the inclusions

dcdg, dcd'g, d*cdg, d*cd'g

holds.

As an application it is shown that if G is any group acting on I, then G has
a decomposition G=A4# B as a free product with amalgation or as an HNN group
G=gp (4, t|t7'Ct=D) where C,D are isomorphic subgroups of 4 and in both
cases C is the stabilizer of d and each of the stabilizers of the directed edges of dd
is a subgroup of finite index in C. This decomposition will be a proper decomposition,
1e.ifG=A* Bthen C=4 and C=B, if I'/G is finite. This generalizes the Stallings
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16 M. J. DUNWOODY

structure theorem [5.5A9]. More generally the decomposition is proper if and only
if there exists g€ G such that dg properly contains d.

Theorem 1.1 can be used to derive results about splitting an #-manifold along
an (n—1)-manifold [1]. It has also been used by H. D. Macpherson to classify infinite
distance transitive graphs with finite valency [4].

2. Narrow cuts

Let I be a connected graph with more than one end so that non-trivial cuts
exist. Let ¢ be a cut. Let w(c)=15c]. Let k be the minimal value of w(c) for ¢ non-trivi-
al. A cut is called narrow if w(c)=k. The following statements are proved in [5, p.
50—513.

2.1. Let ¢;D¢D ... be a descending sequence of narrow cuts. Suppose

then b=c, for some n. }

2.2. There is a narrow cut ¢ which is minimal with respect to containing a fixed
veVI. Thatisifbisnarrow and vébcc then b=c. |

2.3. Ifcis narrow and minimal with respect to containing v€ VI and b is a narrow cut
then at least one of ¢Nb, ¢Nb*, ¢*Nb, ¢*Nb* is finite.
Part of the following result is also obtained by Stallings [5, p. 52].

24. Let b,c be narrow cuts such that bc¢ and b*Nc* are both infinite. Then
bNc and b* N ¢* are narrow. Exactly half the edges of b\c* lie in b and the other
halflie in éc. No edge of 0(bNc¢*) lies in both éb and dc.

Proof. In Fig. 1 the Greek letters indicate the number of edges of EI" connecting the
various pairs of sets as shown. Thus for instance there are ¢ edges with one vertex
in b c and one vertex in b*(¢™.

From Fig. 1, we see that

k=wb)=a+o+1+y

ke

w(e) =v+o+1+p8.
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We know that (¢ and b*Ne¢™* are non-trivial cuts. Hence

k=w(bNe) =ato+v
and

k=w®*Ne*)=p+o+7y.
Hence

+7=v and v+T =7

It follows easily that t=0 and y=v, as required. |]
Let N be the set of narrow cuts in I
2.5. Let ecET. There are only finitely many b€ N such that e€db.
Proof. Let » be one of the vertices of e. Let
N, = (b€ Nivch and ecob}.

Let b, c€Ny. Suppose b(¢ is finite, then HNc* and b*(Nc¢ are both infinite. By
2.4 no edge of d(bNc) lie in both db and dc. But e€dbMdcNd(bMc) which is a
contradiction. Thus hN¢ is infinite. Similarly 5*MN¢* is infinite. Again it follows
from 2.4 that b ¢ and b*(Nc* are narrow. Note that p*(N¢*=(bUc)*. Thus bUc is
narrow. It can be seen that N, is a lattice. It follows from 2.1 that N; has unique
minimal element d,. Let Ny={b*|b£ N,}. Each element of N} contains w, the other
vertex of e. Hence Ny contains a unique minimal element and so N; contains a unique
maximal element d;. Choose a maximal chain dy,=b,Cb,C...Cbh, =d; of elements
of N;. Such a chain exists by 2.1. Let b¢ N, . Let r=max {iJb;_b} and s=min {j|bcb,}.
We show by induction on s—# that every edge of b is contained in 8b; for some i.
If s—r=0, then b=b,=b,. If not b,cbcbh,. Let ¥’=bUb,.,. Then by the induc-
tion hypothesis, every edge of db”is contained in Jb; for some i. Also bb,,,=b, and
bUb,,,=b and it can be seen from Fig. 1 that every edge of &b lies in at least one
of 8b,, db,., or 8b". Hence every edge of &b lies in some 6b;. It follows that there
are only finitely many possibilities for db. But a cut b is determined by Jb together
with an orientation of the edges of 6b. Thus there are only finitely many possibilities
for b. |}

2.6. Let c€N. There are only finitely many b€ N which do not satisfy one of
bcce, b*ce, bcc*, b¥*ccet.

Proof. Let F be a hinite connected subgraph of I' containing each edge of oc. Suppose
8bNEF=#. Since F is connected this means that VFcb or VFCb*. Suppose that
VFcbh. Referring back to Fig. 1 we see that g=t=§=0 and so v=k. Also
2+y=k. Since one of b*MNc¢ and b*Nc* must be a non-trivial cut, it follows that
either a=k and y=0 or «=0 and 3=k Thus A*Nc=0 or b*Nc*"=0,
ie. b*cc* or b*ce. If VFCb* then in a similar manner it follows that bcc*
or bce. Finally it follows from 2.5 that there are only finitely many b&N for which
SbNEF=0. |

Write bc*c if b\c¢ is finite. Write b=%¢ if bC?¢ and c¢c*bh. Let é=
= N {beN|ccb}.

2"#
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2.77. Either ¢=0 or ¢=%c and ¢¢N.

Proof. If c¢c*b then bNceN and bMNc=°c. Thus é=N{PENb="c}. But
N.={beN|b="¢} is a lattice by 2.4, By 2.1 if ¢ then ¢ is the unique minimal
element of N.. ||

Let c€ N be a cut for which é0 and ?;ﬁ 0. For any »€VT let
A, ¢} = {beN{vebc*c}.
2.8. The set A(v, ¢) is finite.

Proof. If bcac then ¢*c?b*. Hence ¢*cb* and bc(c/-;)*:d. Let F be a connected
finite subgraph of I' containing v and an edge of dd. Since v€bCd, ob must contain
an edge of £. By 2.5 there are only finitely many such b. |

Let a(v,0)=14(v,¢)|. Put

¢ = {vlo(e, ¢) = a(v, M)}
Let ¢=((¢")°)*. Thusif ¢€2, ¢¢ (¢*)*. Hence x(r.c)=a(e, ¢, Le.
¢ = {ulx(v, ©) = a(r, M)
We see that (°cc.
2.9. The following inclusions are satisfied,
éCce® cec(em)yn.

Also "="¢.
Proof. Let v<Cé. Suppose bCA(v, ¢®). Then bc?c*, ie. ec*b'. But this means
that écb* and so v¢b which is a contradiction. Thus a(z, ¢")=0. However é¢
€A(v,c) and so a(r,)=l1. Thus écc¢®. Similarly ?C(c")" and hence EC(/z:;")'.
But é="¢ and ((’/.;)*:“(' by 2.7. Therefore *=2¢ and the proof of 2.9 is
complete. ||

Let €N be another cut for which A=0 and (f?‘?)“‘ =(). Note that it gcAut I”
then b=cg will have this property.
2.10. If cc*b then "Cb’ and ¢cb. If ¢C*b but ¢=*b, ilien ¢Zb'.
Proof. If c¢c?b then A(v,c)CA,b) and Az, b*)TA(r, 7). Thus a(r, )=
=a(v,b) and x(v, b")=a(r, ¢*). It follows immediately that *Cb® and ¢cb.
If ¢=2b then é=5b and ¢"=b". Suppose «(v,c)=a(r,c’), that is ¢€&N". By

29 w¢é. Now cA(r.c¢') and é*¢ A(v, b*) if b properly contains é. Thus
ale, b)<wa(e, ¢*). Hence v£b. It follows that cch” if cC*h but c=%b. |

3. Proof of Theorem 1.1

We know from 2.2 that there exists ¢€N such that for any bEN one of
bNe, b*Ne, b0, 7 Mie” s finite.

Case 1. ¢=0. ¢ =0,
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3.1. Let gcAut I and d=c® then at least one of dNdg, d*Ndg, dNd*g, d*Nd*g
isempty.

Proof. Suppose ¢C?cg, then c"c(cg)0 But (cg)®=c%g. Hence dcdg. Similarly
if ¢*c2c*g then c*cc*g. However c*=(c%)*=d* and so d*cd*g. If ¢"="cg, then
(cg)“cc by 2.9. Thus dgcd*. If ¢*Ccg but c*°cg then, by 2.10, ¢ C(cg)°
and so d*cdg. If cc®c*g, then ®Cc*g andso dcd*g. |

Case 2. é:ﬂ,?:@_
3.2. For every béN either b=*c or b="c*.

Proof. Suppose bC*c. We know that the set N,={dcN|d="c} is closed under
finite intersections and that N {d€ N }=0. Now N, is infinite and so it contains a cut
d for which one of

dcb, d*cbhb, dcb*, d*cb*

holds by 2.6. We can also assume that d does not contain a particular vertex of b and
so d*cb* is impossible. Also bc*c="d, and so dcb* and d*Cbh are impossible.
Thus d<b and b=2c. The other cases (b*C?c, bc?c*, b™c?¢*) are ali treated
similarly. ||

In fact it is fairly easy to show that I' has 2 ends, i.e. for every nontrivial cut b
either b=2¢ or b=2c"

If b,deN write b=d if b="b and |b\d|=|d\b|. It is easy to show that
= is transitive. There may be distinct cuts b, d for which b=d and d=b.

Let G=AutI'. Let H={hcGich="¢}. Now H is a subgroup of G and
(G:HY=2.Let
~ = {h€H|ch = ¢}
and
H*={h¢H|c = ch}.

It is easy to see that H~ and H* are closed under multiplication.
Let
d = U{chhc¢H"}

3.3. The subset d is a narrow cut and d="2c.
Proof. It follows from 2.6 that the set
={beN|b=c and b c}

is finite. But d=cU {ch€ S|h€ H}, Thus d is the union of finitely many cuts ch for
each of which ch="c. It follows from 2.4 that d¢ N and d="c. |}

3.4. If hEH, then either dhcd or ddh

Proof. If hcH~ thendhcd If h¢ H* then h™*¢ H™ and so dh™'cd, i.e.dcdh. |}

If b="c and ch=c then bh=b. To see this note that ch=c¢ means that

f (¢ —ch)=0. Here we identify a set with its characteristic function. For any function

VI —~Z which has finite support f (f—fh)=0. But b—c has finite support and so
f (c—ch)=[(b—bh).
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Suppose G=H. Let xé¢G\H and let hc¢ H. Now
f (c—exhx™) = f (ex—cxh)

= f (c*—c*h)

= ~f (c—ch).

Thus if h¢ H*, then xhx '¢H~. But x*¢H and x? commutes with x and so
x*CH*NH~-. Thus dx?=d. If dh=d for every h¢ H put dy=dNd*x. Now xh=
=h'x for some W¢H. Hence d*xh=d*x and dh=d. Also dyx(\d,=0. Thus for
any g€G either dig=d, or dighd,=0.

Suppose finally that there exists i€ H such that dh##d. Choose ycH*
so that dy—d has the smallest possible non-zero number of elements. Put d;=dy".
If g€G then dg=d; or d,xforsome i€Z. Let u;=d;Nd*x and let

u=U{ulicZ}.

First we show that wNux=0. Now wux=U{yx|icZ}. It suffices to show that
u;Nu;x=9 forany i, ;. Since u;x*=u; we can assume i=j. But

wNu;x =dNdixNd;Nd;x =6
since d;Cd;. Next we show that (ux)*=u"xCuy. Now
w'x =N{ufx|icZ}
=N {dfUd;x)x|icZ}
=N{dfxUd,licZ}.

Let vcu*x. We know that d;cd; if i=j and N{dicZ}=0 and U{dficZ}=VT.
Thus there is a smallest integer m such that v€d,, but v¢d,-,. However ved)_;xU
Ud, ., and so v€dy,_,x. Next note that d;xy=d;y~*x=d;_,x. Thus

uy =U{u;y|licZ}
=U{d;yNdfxylicZ}
=U{d; 1 Nd_ x[i€Z}.

Now v€d,,cd,,., and so v€d, ,,Nd%:_,x. Hence v€uy. Thus u*xcuy.
From these inclusions we obtain the sequence

uCutxCuyCutxycupicutxyic....
It follows that for any g€G one of the inclusions

uCug, u*Cug, ucu*g, utcu'g
holds.
N
*

Case 3. ¢=0,c"=0.

As in 3.2 it can be shown that if b6 N and bcC®c then b=%°c. Write b~d
if |bN\dl=|d\b| and b=2d. Thus b~d if b=d and d=b.
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There is no g€G for which c*gc?c, since this would mean that c*=9.
Suppose ¢Cg then cg~'c3 and so c=%g. If cg=c but not cg~c then |cg™\¢|

can be made arbitrarily large by choosing k large enough. But cg"c(?*)*="c.
Hence cg=c. But then c¢=c¢g™!' and we again have a contradiction unless ¢ ~ cg.
Similarly if cgc®c then ¢~ cg. Thus for each g€G either cg~c or ¢gc?c*. Let
N’'={cg, c*g|gcG}. Put

d=n{beN’|cc®b}.

Using 2.6 it can be shown that there are only finitely many b€ N’ for which cc?b
but not cch. Thus deN by 2.4 and d=3c. If cg ~ ¢ then the action of g permutes
the set {b€ N'|cc*b}. Hence dg=d. If cgc*c* then cc?c*g~ and so dcc*g™.
But dcc and so dgcc*cd”. Thus for any g¢€G either dg=d or dgcd*.

Case 4. ¢0. ;}=®.

This case can be treated as Case 3 with ¢* replacing c.
Every case has now been considered and so the proof of Theorem 1.1 is
complete. |

4. Applications

Let (E, =) be a partially ordered set with a mapping E—~E, e—& for which
e=e, satisfying the following conditions
(1) if e=fthen f=e
(2) if e=f, there are only finitely many h¢E for which e=h=f;
(3) for any pair e, f at least one of e=f, e=f, e=f, é=f holds;
(4) for no pair e,fis e=f and e=f.
(5) for no paire, fis e=f and e=f.
It is shown in [3, Theorem 2.1] that there exists a tree T for which E is the directed
edge set and the order on F is such that if e=/ then there is an edge path of directed
edgesin T

e=2e,€, ..., =f

where the last vertex of e; is the first vertex of e; , ; for i=1,..., n—1.

Theorem 4.1. Let the group G act on the graph I' and suppose e(I')=1. Then G
acts on a tree T in such a way that T|G has one edge. The stabilizer of each edge of
T contains the stabilizer of a directed edge of T as a subgroup of finite index.

Proof. By Theorem 1.1 there exists a non-trivial cut dc VT such that for each
g€G one of
dcdg, dcd*g, d*cdg, d*cd'g

holds. Let E={dg, d*g|lgcG}. Put e=¢* for ecE. Clearly (E, C) satisfies condi-
tions (1), (3), (4) and (5) above. We need also to show that condition (2) is satisfied.
If d is narrow then condition (2) is satisfied using 2.2. It can be seen from the proof
of Theorem 1.1 that d is narrow in Cases 2, 3 and 4. In Case 1 it can also be shown
that d is narrow. However it is not necessary to do this in order to prove that condi-

tion (2) is satisfied. Thus in Case 1 we know that d=°c and é=# and Fp.
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Suppose e, f€E and ecf. If heE then h=dg or d*g for some gcG. Suppose
echcf. Let

h=N{beNhc?b).

Then A¢N and échcf Thus there are only finitely many possibilities for A.

Similarly there are only finitely many possibilities for #*.
But

h="hchc () =*h

by 2.9. Thus there are only finitely many possibilities for A, and so condition (2) is
satisfied.

Thus E is the directed edge set of a tree T and there is an action of G on T.
It may be the case that for some g¢G, dg=d*, in which case T/G will not be a graph.
However this difficulty can be overcome by replacing T by its first barycentric sub-
division.

Thus we can assume that G acts on T so that T/G has one edge. Let e€dd.
If d is narrow then it follows from 2.5 that there are only finitely many b€E for
which e€éb. Let eg=e, i.e. g€G,. Now dNdg and d*Nd*g contain the vertices
of ¢ and so cannot be empty. Thus either dcdg or dgcd. Suppose dgcd but
dg#d. If d is narrow then we have a contradiction since dg™, m=1, 2, ..., are infini-
tely many distinct narrow cuts and e€d(dg™). If we are dealing with Case 1 (so that
d is possibly not narrow), then d=2d,, dcd; where d;=(c*)*. Also since cgC?c
it follows that d,gcd,, d,gd,. But d, is narrow and the intersection of the d,g™
contains the intersection of the dg™ which contains a vertex of e. This contradicts 2.2.
Thus dg=d and so g€G,. An element of G, must permute the elements of éd and
so the index of G, in G, is finite. This completes the proof of Theorem 4.1. ||

Corollary 4.2. Let the group G act on the graph I’ and suppose e(I')=>1 then
either

G=Ax:B
or G is an HNN-group

G=gp(A, |t 2Ct=D)

where C, D are isomorphic subgroups of A, and in either case the subgroup C contains
the stabilizer of a directed edge of I as a subgroup of finite index.

Proof. This follows easily from Theorem 4.1 using the Bass—Serre theory (see
2, p. 14]). 1

The decomposition is proper if and only if G does not stabilize a vertex of 7.
Now T/G has one edge. If there is a path in T of length at least three then there exists
g€G and a directed edge e€ET such that eg=e. Thus by [2, p. 28] G does not
stabilize a vertex of 7' If I'/G is finite, then using the techniques of 2.6 it can be shown
that there exists g€G for which d is properly contained in dg or d*g. Also there
exists g,€G for which d*g, or dg, is progerly contained in d. It follows that the di-
ameter of T is at least three. Thus the decomposition of G induced by the action of G
on T is proper if ['|G is finite.
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