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CUTTING UP GRAPHS 

M. J. D U N W O O D Y  

Received 25 August 1981 

Let F be infinite connected graph with more than one end. It is shown that there is a subset 
dc VF which has the following properties. (i) Both d and d* = VF~d are infinite. (ii) There are 
only finitely many edges joining d and d*. (iii) For each g E A u t / ' a t  least one of dcdg, d*cdg, 
d cd*g, d*cd*g holds. Any group acting on F has a decomposition as a free product with amal- 
gamation or as an HNN-group. 

1. Introduction 

Let  F be an infinite connec ted  graph.  No te  tha t  it  is n o t  a s sumed  tha t  F is 
locally finite. The  number  e(F) of  ends  o f  F is defined to be the  least  uppe r  b o u n d  
(possibly  co) o f  the  number  o f  connec ted  componen t s  wi th  infini tely m a n y  vert ices 
tha t  can be ob ta ined  by  removing finitely many  edges. Thus  e(F)> 1 i f  a n d  only 
if there is a subset  c c V  such that  bo th  c and  c * = V F \ c  are  infinite and  

6c= {eEEF[ one vertex o f e  lies in c and  one in c*} 
is finite. 

A subset  c c V F  such tha t  6c is finite is ca l led  a cut. N o t e  tha t  this  is no t  
s t andard  terminology.  A cut  is said to be non-trivial if  bo th  c and  c* are  infinite. I f  
c, d are cuts then so are  c N d and  c U d. In this pape r  we prove  the following.  

Theorem 1.1. Let F be a graph with more than one end. There exists a non-trivial 
cut d c  VF such that for any g E A u t  F one of  the inclusions 

d c d g ,  dcd*g, d*c_dg, d*cd*g 
holds. 

As an appl ica t ion  i t  is shown tha t  it" G is any  g roup  act ing on F ,  then G has  
a decompos i t ion  G = ` 4 .  cB as a free p roduc t  wi th  amalga t ion  or  as an H N N  group  
G = g p  (.4, t l t - lCt=D) where  C, D are  i somorph ic  subgroups  o f  .4 and  in b o t h  
cases C is the  s tabi l izer  o f  d and each o f  the  s tabi l izers  o f  the d i rec ted  edges o f  6d 
is a subgroup  o f  finite index in C. This  decompos i t ion  will be a p r o p e r  decompos i t i on ,  
i.e. i f G = A . c B  then C ¢ A  and C~B ,  i f  FIG is finite. This  general izes the  Stall ings 
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structure theorem [5.5A9]. More generally the decomposition is proper if and only 
if there exists gEG such that dg properly contains d. 

Theorem 1.1 can be used to derive results about splitting an n-manifold along 
an ( n -  1)-manifold [1]. I t  has also been used by H. D. Macpherson to classify infinite 
distance transitive graphs with finite valency [4]. 

2. Narrow cuts 

Let F be a connected graph with more than one end so that non-trivial cuts 
exist. Let c be a cut. Let w(c)= 16c i. Let k be the minimal value ofw(c)  for c non-trivi- 
al. A cut is called narrow if w(c)=k .  The following statements are proved in [5, p. 
50--511. 

2.1. Let cl D c2 D. . .  be a descending sequence ofnarrow cuts. Suppose 

b = ~ c,~-O, 

then b = c,.for some n. l 

2.2. There is a narrow cut c which is minimal with re.spect to containing a f ixed  
vEVF. T h a t i s i f b i s n a r r o w a n d r E b c c  then b=c.  I 

2.3. I f  c is narrow and minimal with respect to conlaining vE VF and b is a narrow cut 
then at least one o f  cAb ,  cob* ,  c*f3b, c*(3b* is finite, i 

Part  of  the following result is also obtained by Stallings [5, p. 52]. 

2.4. Let b, c be narrow cuts such that b Nc and b*f~c* are both infinite. Then 
b N c and b* ~ c* are narrow, tLYactly haly the edges o f  b ffl c* fie in ~b and the other 
hal f  lie in ~c. No edge o f  6 (b f~ c*) ges in both ~b and &'. 

Proof. In Fig. 1 the Greek letters indicate the number of  edges of EF connecting the 
various pairs of  sets as shown. Thus for instance there are O edges with one vertex 
in b N c and one vertex in b* N c*. 

From Fig. 1, we see that 

k = w(b) = :¢+o~+~+~, 

k = w(c) = v + ¢ + ~ + f l .  

Fig. i 
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We know that bNc  and b*Nc* are non-trivial cuts. Hence 

k ~ w(bnc) =o~+~+v 
and 

k ~ w(b*Nc ~) = f l + 0 + ~ .  
Hence 

~ + 7 ~ v  and v+r-<_7.  

It follows easily that z = 0  and ?=v ,  as required. | 

Let N be the set of  narrow cuts in F. 

2.5. Let e6 EF. There are only finitely many bE N such that eE bb. 

Proof. Let v be one of the vertices of  e. Let  

Nt = {bE N]vEb and eEbb}. 

Let b, cEN~. Suppose b a t  is finite, then bNc* and b*nc are both infinite. By 
2.4 no edge of  6(bAt) lie in both 6b and 6c. But eE6bNbcNh(bNc) which is a 
contradiction. Thus bNc is infinite. Similarly b*nc*  is infinite. Again it follows 
from 2.4 that b a t  and b*Oc* are narrow. Note that b*Nc*=(bUc)*. Thus bUc is 
narrow. I t  can be seen that N~ is a lattice. I t  follows from 2.1 that Na has unique 
minimal element do. Let 3 /*= {b*]bEN~}. Each element of  N~ contains w, the other 
vertex of e. Hence N* contains a unique minhnal element and so N~ contains a unique 
maximal element d~. Choose a maximal chain do=ba~b2c... ~b,,,=d~ of elements 
of  Nx. Such a chain exists by 2.1. Let bEN~. Let r = m a x  {i[bFb} and s =  rain {j]bcbj}. 
We show by induction on s - r  that every edge of 6b is contained in 6b~ for some i. 
If s - r=O,  then b=b,=b~. I f  not b, cbcb~.  Let b'=bUb,+x. Then by the induc- 
tion hypothesis, every edge of  6b" is contained in 6b~ for some i. Also bNb,+~=b, and 
bUb,+~=b" and it can be seen from Fig. 1 that every edge of  fib lies in at least one 
of 6b,, 6b,+~ or 6b'. Hence every edge of 6b lies in some fibs. It follows that there 
are only finitely many possibilities for 6b. But a cut b is determined by 6b together 
with an orientation of the edges of  6b. Thus there are only finitely many possibilities 
for b. I 

2.6. Let cE N. There are only finitely mato' bEN which do not satisJy one of  

bcc ,  b*cc, bcc*, b*cc* .  

Proof. Let F be a finite connected subgraph o f f  containing each edge of 6c. Suppose 
6bNEF=O. Since F is connected this means that  V F c b  or VFcb*. Suppose that 
VFcb.  Referring back to Fig. 1 we see that p = z = f l = 0  and so v=k. Also 
~ + ~ = k .  Since one of b*Nc and b*Nc* nmst be a non-trivial cut, it follows that 
either a=k and ;~=0 or c~=0 and 7 = k .  Thus b*(3c=0 or b*Nc*=0 ,  
i.e. b*cc*  or b*cc. I f  VFcb* then in a similar manner it follows that bee* 
or bcc .  Finally it follows from 2.5 that  there are only finitely many bEN for which 
6bf3EF¢-O. I 

Write b c ~ c  if b ~ c  is finite. Write b="c it" bc"c and c c " b .  Let ~= 
= N {bENlcc"b ). 

2* 
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2.7. Either 6= 0 or' ( = ~ c and d(N.  

Proof. If c c " b  then b N c E N  and bNc ~c. Thus 6=N{bENib=~c} .  But 
N~={bEN]b="c} is a lattice by 2.4. By 2.1 if 6 # 0  then d is the unique minimal 
element of N,.. I 

Let cEN be a cut for which d # 0  and c*#0.  For any vE VF let 

A(v, c) = { b E N [ v f b c " c } .  

2.8. The set A (v, c) is finite. 

Proof. I f b c " c  then c*c~b *. Hence c*cb*  and bc(c*)*=d.  Let F be a connected 
finite subgraph of  F containing v and an edge of  6d. Since v E b c d ,  6b must contain 
an edge of  F. By 2.5 there are only finitely many such b. 1 

Let ~(v, c)=l~A(v, c)l. Put 

c o = {~l~-(~', c )  > ~(~, c*)} .  

Let 3=((c*)°) *. Thus if c~P, t~ (c*) °. Hence ~.(v, c*)~c~0., , c), i.e. 

= {vl~v, c) >= ~(v ,  c*)} .  
We see that c ° ~ .  

2.9. The following inclusions are satisfied, 
A 

~ c c  ° c ~:c (c*)*. 
Also c ° = :' c. 

Proof. Let rE6. Suppose b;_A(v,c*). Then b c ~ c  *, i.e. cc=b  *. But this means 
that 6cb *  and so v~,b which is a contradiction. Thus ~(v, c~:)=0. Howe~,er dc, 

A .F- .  

EA(v,c) and so c~(v,c)~l.  Thus ~?cc °. Similarly c*c(c*)  ° and hence?c(c*)  '. 
A 

But 6 = ' c  and (c*)*=;'c by 2.7. Therefore c0=~c and the proof of 2.9 is 
complete. 1 

Let bEN be another cut tbr which ,5#0 and (b*)~--~(:). Note that if gEAut f 
then b=cg will have this property. 

2.10. I f  c c " b  then c'~cb '~ and ? c b .  I f  c c ~ b  but c="b ,  Hwn ~cb".  

Proof. If c c ~ b  then A(v, c ) c A ( %  b) and A(c ,b*)cAO~,c ' ) .  "Ihus c~(y,c)~ 
-<_a(v,b) and :~(c,b~)--~v,c*).  It  follows immediately that c"c_b ° and ; c b .  
I f  c="b  then (= / )  and c"=b'L Suppose ~(v,c)=~(v,c*) ,  that is c~: ' \dL By 
2.9 v~& Now d ' ~ A ( r , c  ~̀) and ~"~ A(c,b*) if b properly contains 3. Thus 
~z(v, b*)<cz(v, c*). Hence ~,(b~L It t\~llows that ~:cb" if c c " b  but c#"b .  1 

3. Proof of Theorem 1. I 

We know from 2.2 that there exists c ( N  such that l\~r any bEN one of 
b(-Ic, b*Nc, bFic ~, b~qc" isfinite. 

Case 1. d#f) .  c ' : 0 .  
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3.1. Let gEAut  F and d=c ° then at least olw of df~dg, d*f~dg, dNd*g, d*fqd*g 
is empty. 

Proof. Suppose ccacg, then c°c(cg) °. But (cg)°=c°g. Hence dcdg. Similarly 
if c*cac*g then c*cc*g. However c*=(c°)*=d * and so d*cd*g. I f  * c =  cg, then 

i 

(cg)°cc * by 2.9. Thus dged*. I f  c*c~cg but c*~-"cg then, by 2.10, c*c(cg) ° 
a n d s o  d*cdg. I fcc"c*g,  then c°cc*g a n d s o  dcd*g. I 

Case 2. ~7=0, c*=0.  

3.2. For every bEN either b=ac o1" b=~c *. 

Proof. Suppose bc"c.  We know that the set Nc={dENld=~c} is dosed under 
finite intersections and that A {dENt}=0. Now N~ is infinite and so it contains a c u t  
d for which one of 

dcb ,  d*cb, d c b * ,  d * c b *  

holds by 2.6. We can also assume that d does not contain a particular vertex of  b and 
so d * c b *  is impossible. Also bc~c=~d, and so dcb* and d*cb are impossible. 
Thus d c b  and b=ac. The other cases (b*cac ,  bc~c *, b~c~c *) are all treated 
similarly. I 

In fact it is fairly easy to show that F has 2 ends, i.e. for every nontrivial cut b 
either b=~c or b=~c *. 

I f  b, dEN write b~_d if b="b and Ib\d[<=fl~b]. I t  is easy to show that 
=2 is transitive. There may be distinct cuts b, d for which b<=d and d~b. 

Let G = A u t  F. Let H={hEGIch=ac} .  Now H is a subgroup of G and 
(G :H)~2 .  Let 

H -  = {hE HIch <= c} 
and 

H + = {hEHIc _~ ch}. 

It  is easy to see that H -  and H + are closed under multiplication. 
Let 

d =  U{chlhEH- } 

3.3. The subset d is a narrow cut and d=- ~ c. 

Proof. I t  follows from 2.6 that the set 

S = {bENIb <= c and bc~c} 

is finite. But d=cU {chESIhEH}, Thus d is the union of finitely many cuts ch for 
each of  which ch="c. I t  follows from 2.4 that dEN and d="c. I 

3.4. I f  hE H, then either dhcd  or dcdh  

Proof. I f  hEH- then dhcd. I f h E H  + then h-~EH - and so dh-Xcd, i.e. dcdh. I 
I f  b="c and ch<=c then bh~b. To see this note that ch<=c means that 

[(c-ch)>=O. Here we identify a set with its characteristic function. For  any function 
~'-: VF-~Z which has finite suppor t f ( f - fh )=O.  But b - c  has finite support  and so 
f ( c - c h ) = f ( b - b h ) .  ~ 
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Suppose G#H. Let xEG\H andlet  hEH. Now 

.f 
= f ( c * - c * h )  

= - f  (c - oh). 

Thus if hEH +, then xhx-~EH -. But x~EH and x ~ commutes with x and so 
x2EH+OH-. Thus dx~=d. I f  dh=d for every hell  put d~=dNd*x. Now xh= 
=h'x for some h'EH. Hence d*xh=d*x and dlh=d. Also dlxNdl=O. Thus for 
any gEG either dig=d1 or dlgNd~=O. 

Suppose finally that there existshEH such that dh#d. Choose yEH + 
so that d y - d  has the smallest possible non-zero number of  elements. Put d~=dy( 
If  gEG then dg=dt or d~xforsome iEZ. Let u~=d~NdTx andlet  

u = U {udiEZ}. 

First we show that uAux=O. Now ux=U{utxliEZ}. It suffices to show that 
uiNuix=O for any i,j. Since uix~'=ui we can assume i-~j. But 

ui N u ix = dl N d'~xNd~.Ndjx = 0 

since died i. Next we show that (ux)*=u*xcuy. Now 

. * x = n { u r x l i ~ Z }  

= n {(dTUd, x )x l iEZ}  

= N {d*xUdi] iEZ}. 

Let vEu*x. We know that d, cd~ if i<-j and N {dttiEZ}=0 and tO {d, IiEZ}=Vr. 
Thus there is a smallest integer m such that vEdm but v ¢ d=_~. However vEd*,,_~xU 
Ud,,_, and so vEd*_,x. Next note that dlxy=do~-ax=d~_tx. Thus 

uy = U {u~yliEZ } 

= u {d, yNarxy[~EZ} 

--  U {d,+lN dL~x[ iEZ}.  

* X Now vEd,,cd,,+~ and so vEdm+~Nd=_~.. Hence vEuy. Thus u*xcuy. 
From these inclusions we obtain the sequence 

ucu*xcuycu*xycuy" <u*xy2c .... 

It follows that for any gEG one of the inclusions 

ucug, u ' tug ,  ucu*g, u*cu*g 
holds. 

Case 3. ~=0,  e*#0 .  

As in 3.2 it can be shown that if bEN and bc~c then b="c. Write b,,~d 
if Ib\dl=ld'xb[ a n d b = " d .  Thus b~d  if b<-d and d~_b. 
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A 

There is no gEG for which c*gcac, since this would mean that c*=0 .  
Suppose ccacg then cg-lcac and so c=acg. I f  cg~-c but not cg,,-,e then Icgk"xe[ 

can be made arbitrarily large by choosing k large enough. But cgkC(Cl"~)*=aC. 
Hence cg~=c. But then c~-cg -~ and we again have a contradiction unless c ~cg. 
Similarly f f cgcac  then c,--,cg. Thus for each gEG either cg~c  or cgcac *. Let 
N'=  {cg, c*glgEG}. Put 

d = N {bEN'[ccab}. 

Using 2.6 it can be shown that there are only finitely many bEN' for which cc~b 
but  not cob.  Thus dENby 2.4 and d=~c. Ifcg,,~c then the action o f g  permutes 
the set {bEN']cc"b}. Hence dg=d. I f  cgc"c* then cc~e*g -1 and so dcc*g-L 
But d c e  and so dgcc*cd*.  Thus for any gEG either dg=d or dgcd*. 

Case 4. ~#0.  c*=0. 

This case can be treated as Case 3 with c* replacing c. 
Every case has now been considered and so the proof  of  Theorem 1.1 is 

complete. [ 

4. Applications 

Let (E, ~_) be a partially ordered set with a mapping E ~ E ,  e--,~ for which 
7 = e ,  satisfying the following conditions 
(1) ife_<-fthen f<-~ 
(2) if e<=f, there are onlyfini telymany bEE for which e~h~_f; 
(3) for any pair e, f a t  least one of e<=f, e<-f, ~<=f, ~<=f holds; 
(4) for no pair e, f i s  e<=f and ~-<f 
(5) for no pair e, f i s  e<=f and e<-f. 
I t  is shown in [3, Theorem 2.1] that there exists a tree T for which E is the directed 
edge set and the order on E is such that if  e<=f then there is an edge path of  directed 
edges in T 

e = e I , e2, ..., en = f 

where the last vertex of el is the first vertex ofei+~ for i =  1 .... , n -  1. 

Theorem 4.1. Let the group G act on the graph F and suppose e ( F ) > l .  Then G 
acts on a tree T in such a way that T/G has one edge. The stabilizer of  each edge of  
T contains the stabilizer of  a directed edge ofF as a subgroup offinite index. 

Proof. By Theorem 1.1 there exists a non-trivial cut d c V F  such that for each 
gEG one of 

dcdg ,  dcd*g, d*cdg, d*cd*g 

holds. Let E =  {dg, d*glgEG}. Put ~=e* for eEE. Clearly (E, c )  satisfies condi- 
tions (1), (3), (4) and (5) above. We need also to show that condition (2) is satisfied. 
I f  d is narrow then condition (2) is satisfied using 2.2. I t  can be seen from the proof  
of  Theorem 1.1 that  d is narrow in Cases 2, 3 and 4. In Case 1 it can also be shown 
that d is narrow. However it is not necessary to do this in order to prove that condi- 

tion (2) is satisfied. Thus in Case 1 we know that d='c  and ~ # 0  and c*#0 .  
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Suppose e, fEE and e c f  I f  hEE then h=dg or d*g for some gEG. Suppose 
e c h c f  Let 

h = N { b E N I h c " b } .  

Then ~EN and ~,c/~cf. Thus there are only finitely many possibilities for ~. 

Similarly there are only finitely many possibilities for h*. 
But 

h =ahchc (h* )*  ="h  

by 2.9. Thus there are only finitely many possibilities for h, and so condition (2) is 
satisfied. 

Thus E is the directed edge set of  a tree T and there is an action of G on T. 
I t  may be the case that for some gEG, dg=d*, in which case T/G will not be a graph. 
However this difficulty can be overcome by replacing T by its first barycentric sub- 
division. 

Thus we can assume that G acts on T so that T/G has one edge. Let eE6d. 
I f  d is narrow then it follows from 2.5 that there are only finitely many bEE for 
which eE~b. Let eg=e, i.e. gEGe. Now dfqdg and d*f~d*g contain the vertices 
of  e and so cannot be empty. ~Ihus either d c d g  or dgcd.  Suppose d g c d  but 
dg~-d. I f d  is narrow then we have a contradiction since dg "~, m =  1, 2, . . . ,  are infini- 
tely many distinct narrow cuts and e66(dgm). I f  we are dealing with Case 1 (so that 

d is possibly not narrow), then d=adt, dcdx where dl=(c*)*. Also since cgcac 
it follows that dtgcd~, dlg¢dl .  But dl is narrow and the intersection of the dxg m 
contains the intersection of the ctg m which contains a vertex of e. q-his contradicts 2.2. 
Thus dg=d and so gEGd. An element of  G~ must permute the elements of  ~d and 
so the index of  G~ in G, is finite. This completes the proof  of  Theorem 4.1. I 

Corollary4.2.  Let the group G act on the graph F and suppose e ( F ) > l  then 
either 

G = A * c B  
or G is an HNN-group  

G = gp(A, t[t-~Ct = D) 

where C, D are isomorphic subgroups of A, and in either case the subgroup C contains 
the stabilizer of  a directed edge oJ F as a subgroup o/finite index. 

Proof.  "fhis follows easily f iom "Iheorem 4.1 rising the Bass--Serre theory (see 
[2, p. 14]). | 

The decomposition is proper if and only if G does not stabilize a vertex of  T. 
Now T/G has one edge. I f  there is a path in T of length at least three then there exists 
gEG and a directed edge eE£T such that eg>e. "lhus by [2, p. 28] G does not 
stabilize a vertex of T. If  F/G is finite, then using the techniques of  2.6 it can be shown 
that there exists gEG for which d is properly contained in dg or d*g. Also there 
exists glEG for which d'g1 o r  dg 1 is prolzerly contained in d. It  follows that the di- 
ameter  of  Tis  at least three. 1hus the deeomt~osition oJ G induced by the action of  G 
on T is proper i f  riG is finite. 
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